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Despite their rich information content, electronic structure data amassed at high volumes in
ab initio molecular dynamics simulations are generally under-utilized. We introduce a transferable
high-fidelity neural network representation of such data in the form of tight-binding Hamiltonians for
crystalline materials. This predictive representation of ab initio electronic structure, combined with
machine-learning boosted molecular dynamics, enables efficient and accurate electronic evolution
and sampling. When applied to a one-dimension charge-density wave material, carbyne, we are
able to compute the spectral function and optical conductivity in the canonical ensemble. The
spectral functions evaluated during soliton-antisoliton pair annihilation process reveal significant
renormalization of low-energy edge modes due to retarded electron-lattice coupling beyond the Born-
Oppenheimer limit. The availability of an efficient and reusable surrogate model for the electronic
structure dynamical system will enable calculating many interesting physical properties, paving way
to previously inaccessible or challenging avenues in materials modeling.

I. INTRODUCTION

Ab initio molecular dynamics (AIMD)[1, 2] have been
the mainstay for modeling materials thermodynamic and
kinetic behaviors to do with atomic motions, offering
concomitantly highly accurate description of electronic
structures. In an AIMD simulation, a huge number of
atomic configurations have to be sampled for meaning-
ful statistics, during which the Born-Oppenheimer (BO)
electronic structure as a function of atomic trajectory is
evaluated at ab initio level. Although a number of elec-
tronic properties can be computed on-the-fly, the elec-
tronic structure data, generated at high volumes and sig-
nificant computation costs, are generally under-utilized,
despite exceedingly rich information in these data. This
is precisely a situation where a concise and predictive rep-
resentation of the ab initio electronic structure data to
harvest the electronic information discarded after AIMD
is expected to be highly rewarding. This will constitute
a reusable surrogate model, which can significantly expe-
dite the sampling of configuration-dependent electronic
structure.

The above problem falls squarely in the realm of deep
neural network, which has become a powerful and ver-
satile paradigm for computerized analysis and interpre-
tation of massive data.[3] Through supervised observa-
tion of labeled data, a neural network automatically rec-
ognizes patterns and regularities in the data and hence
becomes predictive regarding the features it is devised
to represent. In turn, the predictive neural network
can substitute the originally time-consuming calculation
with significant speed-up. For example, Neural network
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representation of the interatomic potential has been de-
veloped and can reproduce the atomic trajectory with-
out time-consuming ab initio calculations.[4–8] In these
methods, the total potential energy is decomposed into a
sum of atomic energy contributions, which is represented
by neural networks through the atom and its neighbors
(local chemical environment). However, the electronic
information available in the AIMD is entirely lost in
this approach. Therefore, a predictive representation of
electronic structure to pick up the rich electronic struc-
ture information in AIMD simulation is highly desirable,
which will enable many previous inaccessible or challeng-
ing tasks in modeling the electronic properties of a large
and dynamical system.

In this paper, we present a neural network architec-
ture to efficiently represent the electronic structure data
from AIMD simulations. This architecture will employ a
deep feedforward network to process atom trajectory and
band structures, to produce a representation that pre-
dicts a tight-binding Hamiltonian for a given snapshot of
atomic configuration. The main challenge is that the neu-
ral network predicted tight-binding (dubbed TBworks
hereafter) Hamiltonian is not uniquely determined by its
band structure due to the U(N) gauge freedom, which
calls for much effort in designing the neural network ar-
chitecture and optimization process. It is shown that by
the elaborate design of the neural network architecture,
the gauge freedom can be reduced. After introducing
the architecture and algorithm, the method is tested us-
ing a one-dimension charge-density wave (CDW) mate-
rial, carbyne. It is shown that the ab initio electronic
structure can be faithfully reproduced by the predicted
Hamiltonian. Based on the machined-learned force field,
large scale molecular dynamics (MD) simulations are per-
formed on carbyne, during which TBworks can be applied
to sample the electronic structures and the derived prop-
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erties. This enables us to sample the electronic states in
the dynamical annihilation of a soliton-antisoliton pair to
compute the time-dependent spectral function, beyond
the Born-Oppenheimer approximation. Optical conduc-
tivity is also obtained by sampling the current-current
correlation function in a path-integral molecular dynam-
ics. These results suggest that our TBworks, combined
with machine-learned force field, realizes a paradigm for
expedited electronic structure sampling at ab initio ac-
curacy, which enable capture the non-adiabatic effect in
transient processes by large-scale and long-time simula-
tions.

Fig. 1. Schematic of the local chemical environment construc-
tion and neural network structure. Ions in local environments
Li and Lj are depicted as blue balls enclosed by translucent
spheres. Ψ and Φ are multilayer fully connected neural net-
works with a hyperbolic tangent activation (open circles).

II. ALGORITHM

In an ab initio molecular dynamics simulation, a tra-
jectory of ion positions is generated at a discrete set of
time points, ui(t) = ri(t) − r̄i, where ri(t) and r̄i are
respectively the instantaneous and the reference ion posi-
tions. Periodic boundary conditions are imposed on the
simulation box, such that the ab initio eigenstates are
Bloch functions. An ab initio molecular dynamics yields
a set of instantaneous electronic eigenstates for an ionic
configuration r = {ri}, with corresponding energy spec-
trum (bands) ε̂(r) = {ε̂nk}. The aim is then to use r and
ε̂(r) to train a neural network as a surrogate model for
ab initio calculation, through a tight-binding electronic
Hamiltonian as a function of r.

H(r) =
∑
i 6=j

Vij(r)c†i cj +
∑
i

Vii(r)c†i ci + H.c., (1)

where Vij(r) (i 6= j) is a hopping matrix element and
Vii(r) is the on-site energy. Assuming that there is only
a single orbital on each ion for notational brevity, i and
j are also site indices.

Providing the existence of Wannier functions [9–11], it
suffices to keep hopping matrix elements between pairs
of orbitals within a finite range. Therefore, We introduce
a local chemical environment for each site, as shown in
Fig. 1. For site i, the ions lying within a sphere of radius
Rcut centered at ri form its local chemical environment
Li = {j| |rj − ri| < Rcut}, which assumes non-negligible
influence on the Wannier function on site i. Therefore,
the hopping matrix element Vij will depend on r̄ij , ui,
uj , Li, and Lj , where r̄ij = r̄i − r̄j . The on-site en-
ergy Vii can be fully determined by Li. A näıve neu-
ral network for our purpose is composed of two maps
(see Fig.1): Vij = Φ(X; θ) and Vii = Ψ(Y ; ξ), where
X = (r̄ij ,ui,uj , Li, Lj), Y = Li. θ and ξ are train-
able parameters of the neural network. The tight-binding
Hamiltonian H(r̄) for reference configuration (usually an
equilibrium crystal structure) is easily accessible with
standard Wannierization method,[12] which is used to
calibrate the neural network in a refined architecture,

Vij = V̄ij + Φ(X; θ)− Φ(X̄; θ),

Vii = V̄ii + Ψ(Y ; ξ)−Ψ(Ȳ ; ξ).
(2)

Obviously, when r = r̄, Φ(X; θ)−Φ(X̄; θ) and Ψ(Y ; ξ)−
Ψ(Ȳ ; ξ) equal zero for the neural network to produce ex-
actly H(r̄). Although we only show the neural network
maps for the cases of single orbital on each ion for brevity,
generalization to multi-orbital case is straightforward by
allocating individual maps for hoppings between different
orbitals.

The maps Φ and Ψ are fulfilled through deep feed-
forward neural networks with n hidden layers neurons,
as shown in Fig.1. Take the map Φ as an example,
Φ = Φn ◦Φn−1 ◦ . . .◦Φ1. The µ-th hidden layer, Φµ takes
the output vector of the preceding layer xµ−1, and gen-
erates a new vector through the component-wise hyper-
bolic tangent activation, xµ = tanh(wµxµ−1 + bµ), with
x0 = X, and Vij = xn. Here the matrix wµ reweights
xµ−1 and the vector bµ provides a bias, both of which
are adjustable parameters and determined via the Adam
stochastic gradient descent method[13] employed to mini-
mize the loss function during a back-propagation process.
The loss function is the root-mean-square (rms) devi-
ation between energy spectra ε(r) computed from pre-
dicted H(r) and training labels from the ab initio ε̂(r).
In principle, H(r) is not uniquely determined by energy
spectra ε̂(r) alone due to the existence of gauge freedom.
If a different gauge is chosen at different r, H(r) as a
function of r may not necessarily be smooth and contin-
uous. Because of the discontinuity, the predicted H(r)
may not interpolate well for unseen configurations, not
to mention extrapolations. Fortunately, the continuity of
H(r) is fulfilled automatically in our neural network im-
plementation, since the relationships between r and H(r)
are represented by Φ and Ψ, which are smooth and con-
tinuous composite maps. Indeed, the TBworks gives the
desired performance in the test example to be discussed
next.
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Fig. 2. Performance of neural network representation of the
electronic structure of carbyne. (a) Structure of carbyne, in-
cluding (from top to bottom) polycumulene, two polyynes,
and a chain with a kink excitation. (b) TBworks (red line) and
ab initio (black dots) band structure for polyyne. Blue shaped
region indicates the s-p separation, and the black dashed line
indicates the CDW gap (a blow-up view in the inset). (c)
TBworks predicted vs ab initio eigenvalues for unseen snap-
shots with different simulation box sizes and temperatures,
T = 10, 50, 100, 150, 200 K and N = 16, 32, 48, 56, 64. Inset:
error distribution. (d) Generalization root-mean-square er-
ror (rmse) for unseen snapshots with a simulation box size
N = 32 at different temperatures (upper panel) and snap-
shots at T = 150K with different simulation box sizes (lower
panel).

III. METHODS

Training and testing data. The ab initio molecular
dynamics with the canonical ensemble were performed
through the Vienna ab initio simulation package[14]
with the local density approximation[15]. Nose-Hoover
thermostat[16, 17] was used to maintain the tempera-
tures. The cutoff energy is 400 eV for wave functions
expansion in the plane wave basis sets. The AIMD sim-
ulations were performed with the simulation box sizes
containing N = 16, 32, 48, 56 and 64 C atoms. For each
box, we have sampled its trajectory at the canonical en-
sembles for temperature T = 10, 50, 100, 150, and 200 K.
The eigenvalue labels are calculated using 1× 1× 4 and
1×1×2 k-mesh for N = 16 and N = 32 boxes, while for
box size larger than 32 cases, only Γ point was used. We
use the labeled AIMD data of 5000 snapshots from one of
the trajectories with N = 32 at T = 150 K as the train-
ing data. In order to test the generalization and trans-

ferability of our method, the labeled AIMD data from
5000 snapshots for every unlearned trajectories sampled
at different temperatures and system sizes are set as test-
ing data.
Machined-learned molecular dynamics. Path-integrals

molecular dynamics (PIMD) and classical molecular
dynamics (CMD) were performed by the LAMMPS
package[18] with the Machined-learned force fields gen-
erated by DeePMD-kit package.[19] The Nose-Hoover[16,
17] and Nose-Hoover massive chain[20] thermostats are
applied in CMD and PIMD respectively to maintain the
temperatures in the canonical ensemble. The time step
is set to 0.2 femtoseconds for both CMD and PIMD. The
quantum paths are discretized into 12 imaginary time
slices in the PIMD. The deep nneural network for force
field was set to be [200,200,200] and was trained by AIMD
data from 10000 snapshots. Validation data contains
AIMD data from 1000 snapshots. More details about
the setup parameters will be available upon request. The
testing accuracy for force prediction is up to 0.01 eV/Å
and for total energy prediction is 10−5 eV, which is at
the same level of the ab initio calculation.

IV. PERFORMANCE

We now proceed to evaluate the performance of our
neural network algorithm by learning and then predict-
ing AIMD eigenvalues for a charge-density wave material,
carbyne.[21–23] Carbyne is a one-dimensional sp1 hy-
bridized carbon chain, which can undergo an archetypal
Peierls’ transition[24] from polycumulene (––C––C––) to
polyyne (–C–––C–). Polyyne has two degenerate ground
state structures interrelated by a shift of the single and
triple bonds, as shown in Fig.2(a). Polyyne can be
characterized by the order parameter uα = (−1)αu0
(α = 1, 2, · · · , N), and sign(u0) = ±1 corresponds to
the two degenerate phases. Remarkably, sign(u0) = ±1
can coexist on a single carbyne chain, separated by a do-
main wall or a kink in uα, which can lead to solitonic
excitations.[25] Bond ordering and solitonic excitations
make carbyne an interesting and non-trivial material for
testing our algorithm.

In carbyne, the C-C σ bonds are formed by the overlap
of sp1 hybridized orbitals while the π bonds are formed
by the other two half-filled p orbitals perpendicular to
the carbon chain. The s and p bands within the energy
window (-22 – 0 eV) are picked out as label data from
5000 AIMD snapshots of N = 32 C atoms at T = 150 K
to train the TBworks. Fig.2(b) displays a faithful repro-
duction of the band structure of polyyne by the trained
TBworks, including the charge-density wave gap ∆ ∼ 27
meV. The reproduction of band structures for more struc-
tures can be seen in the Fig.S1 in supplementary ma-
terials. In Fig.2(c), the TBworks predicted spectra for
snapshots unseen in training are plotted against ab ini-
tio spectra, where samples are drawn from AIMD with
multiple temperatures (10 – 200 K) and a range of sim-



4

ulation box sizes. The generalization error (rms devia-
tion) of these predictions is ∼ 1 meV and the coefficient
of determination R2 = 0.99999994. The s-p separation
of ∼ 3.72 eV and the CDW gap ∼ 27 meV are also well
reproduced despite their disparate energy scales. As is
also shown in Fig.2(d), the generalization error of the
TBworks trained at a single T and N are on the order of
1 meV, when tested against data from multiple temper-
atures and simulation box sizes. Therefore, we conclude
that the TBworks trained at a single T and N offers a
faithful representation of the ab initio electronic struc-
ture, which is also highly transferable to a range of tem-
peratures and system sizes unseen in the initial learning.

Fig. 3. Compute time Tcpu for calculating the electronic spec-
tra of carbyne vs system size N in ab initio and TBworks
calculations. Here Tcpu is the CPU time on a compute node
equiped with 2 AMD EPYC-7452 CPUs (64 cores). The ab
initio calculation is performed at Γ point[14], with plane-
wave basis cutoff at 400 eV and total energy convergenece
to within 10−4 eV per atom. The dots (ab initio) and tri-
angles (TBworks) mark the computation costs for different
N . The solid lines are the least-square linear fittings between
variable log10(Tcpu) and log10(N).

With the accuracy perfectly preserved, we further in-
vestigate the efficiency of the TBworks model. As shown
in Fig.3, due to the inevitable diagonalization procedure,
the computation cost of both the TBworks and ab initio
calculations scale roughly as ∼ N3, where N denotes the
system size. However, the prefactor is different by more
than 5 orders of magnitude. This is because in ab ini-
tio calculations, diagonalization happens in solving the
Kohn-Sham equations[26], where the one-electron wave
functions are expanded over a large basis set of size pro-
portional to but way larger than N ; while in TBworks,
the size of the Hamiltonian is the number of Wannier
orbitals, which is generally of the same order of N . As
such, the dramatic speed-up in TBworks makes the ac-
cessible system size around 2 orders of magnitude larger

than ab initio calculations.

Fig. 4. Information plane loci of a 3-layer TBworks during
training, showing the mutual information trajectories of a
[200, 200, 200] neural network in 800 epoches. The colored
solid arrows are guide-of-eye indications of the direction of
progression for the three loci.

Further insights into the performance of the TBworks
are gained by visualizing the training process on a re-
duced information plane.[27, 28] The mutual information
I(a; b) is an asymmetric measure of the correlation be-
tween a pair of random variables a and b, with distribu-
tions P (a) and P (b), respectively,

I(a; b) = DKL(P (a, b)||P (a)⊗ P (b)) (3)

where DKL is the Kullback-Leibler divergence and P (a, b)
is the joint distribution.[29] We compute the mutual in-
formation between the input x (ionic coordinates inside
a simulation box) and the output of the n-th layer yn,
and the mutual information between the training label
ε̂ and the output yn. Thus we can visualize the evolu-
tion of the neural network on the reduced information
plane I(x, yn)-I(ε̂, yn), as depicted in Fig.4. We see that
I(ε̂, y1) undergoes a continuous sharp increase through-
out the training, which directly results from the optimiza-
tion of the loss function, indicating continued improve-
ment of model fitting. I(x, y1) increases slightly then
decreases in the later stage. The decrease in I(x, y1) is
a manifestation of reduction of data redundancy, which
is very important for the performance of the neural net-
work. The dynamics of layers 2 and 3 are also bi-phasic,
where redundancy elimination precedes the rapid model
improvement. The redundant information on x arises
from a large cut-off radius Rcut for the local chemical en-
vironment, which includes atoms having little impact on
the hopping amplitude. Therefore, the information plane
analysis uncovers critical stages in the learning process
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of neural network during the training process, and offers
leads for systematically optimizing the choice of setup
parameter for TBworks.

V. APPLICATION

The efficient, accurate and transferable access to H(r)
offered by our TBworks provides a convenient computa-
tional tool for investigating the correlation between elec-
tronic and ionic degrees of freedom, which is particularly
important for systems with strong electron-phonon cou-
pling. The soliton-antisoliton pair annihilation process
is one such example, where the zero-energy electronic
modes are gapped out dynamically. Non-adiabatic effect
can be important but difficult to study in AIMD due to
the high demand for computational resources. In order
to study this kind of process, we interface our TBworks
with the machine-learned force field[8] to perform highly
efficient classical and path-integral MD on carbyne. Both
the classical and path-integral MD simulations were per-
formed in the canonical ensemble on a supercell contain-
ing 1024 C atoms for 400 picoseconds (ps) with a time
step of 0.2 femtoseconds (fs) at different temperatures.
The simulation results including the averaged electronic
spectral functions and optical conductivities are reported
in Fig.S3 in the supplementary materials. Fig.5(a) shows
the order parameters uα of the ionic configurations in the
dynamical process where soliton-antisoliton pair is anni-
hilated from the classical MD trajectory initialized with
soliton structure at T = 1 K.

To highlight the non-adiabatic dynamical effect in the
soliton-antisoliton pair annihilation, we take a close look
at the time-dependent electronic spectral functions. Be-
cause of the quick access to TBworks Hamiltonian, we
are able to let the electronic system evolve according

to T e−i
∫ t
t0
H(r(t′))dt′ (~ = 1). Doing so explicitly takes

ion dynamics into account and is manifestly beyond the
BO approximation. As ion dynamics breaks time homo-
geneity for electrons, we define a time-dependent spectral
function as

A(ω, t) =
i

2πN
F̂ Tr

[
GR(t+ τ, t)−GA(t+ τ, t)

]
(4)

where G
A/R
αβ (t + τ, t) = ±i θ(∓τ)〈{cα(t + τ), c†β(t)}〉 are

advanced/retarded Green’s functions, and F̂ means a
Fourier transform w.r.t. the time difference τ .[30] At
different t, the advanced and retarded Green’s functions
are evaluated by computing the expectation of the com-

mutator {cα(t + τ), c†β(t)} for τ > 0 (GRαβ(t + τ, t)) and

τ < 0 (GAαβ(t + τ, t)) respectively. The τ -values are
taken from a uniform grid ranging from -600 to 600 fs,
which, after a Fourier transform, results in the the en-
ergy resolution in A(ω, t) of ∼ 3 meV, 0.1 of the CDW
gap. At each τ , the electronic evolution of the oper-
ator cα(t) from t to t + τ is calculated based on the

Schrödinger equation using T e−i
∫ t+τ
t

H(r(t′))dt′ , where

the time-dependent Hamiltonian is predicted for the con-
figurations from the trajectory at t to t + τ . Therefore,
the A(ω, t) can be non-adiabatically calculated along the
evolution of configurations r(t) in the MD simulation.
As a comparison, the static electronic spectral func-
tion within the BO approximation for configuration at
t is calculated using instantaneous energy spectra, with
Astat(ω, t) = 1

Nk

∑
nk δ(ω − εnk(t)).

Fig. 5. Non-adiabatic dynamical effect on the electronic spec-
tral functions during the soliton-antisoliton pair annihilation
process. (a) The order parameter along a polyyne chain as
a function of time in a molecular dynamics trajectory. The
dashed rectangle indicated the soliton-antisoliton pair annihi-
lation event. (b) Computed time-dependent electronic spec-
tral functions for structures at every 20 fs in the annihila-
tion event. (c)(d) Computed electronic spectral functions for
structures before (c) and after (d) annihilation event.

We therefore focus on the soliton-antisoliton pair an-
nihilation event indicated by the dashed rectangle in
Fig.5(a). During this event, two kinks meet and annihi-
late, and the polyyne-B phase completely disappears. At
the same time, the degenerate zero-energy modes local-
ized at the kinks become hybridized and a gap gradually
develops. The question is whether the BO approxima-
tion is accurate enough to describe the electronic states
for the dynamical annihilation process. As a compari-
son, we firstly examined the electronic spectral functions
for structures well before (Fig.5(c)) and after (Fig.5(d))
the annihilation event. Prior to the annihilation event
where the soliton and anti-soliton are well separated,
both dynamical (beyond BO approximation) and static
(within BO approximation) spectral functions give the
same topological protected zero-energy peaks, as shown
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in Fig.5(c), where little difference between the dynamical
and static spectral functions is discernible. Post annihila-
tion, the carbyne chain adopts a homogeneous polyyne-
A structure, where both dynamical and static spectral
functions present the CDW gap, as shown in Fig.5(d).
Again, little difference between the dynamical and static
spectral functions is uncovered, because the system is
in a (transient) stationary state. For the case during
this annihilation event, the dynamical and static time-
dependent spectral functions for the annihilation process
are calculated and shown in Fig.5(b). Both dynamical
and static spectral functions show the splitting of the
zero-energy modes into two peaks, which subsequently
merge into the conduction and valence bands respectively
as the soliton-antisoliton pair approaching to annihila-
tion. The difference is that the energy peaks in the dy-
namical spectral functions show a larger broadening than
those in the static spectral functions. In short, although
the dynamical effect shows little renormalization on the
spectral functions before and after the annihilation event,
as far as the pair annihilation process is concerned, the
non-adiabatic dynamical effect is prominently visible in
our calculations.

VI. SUMMARY

In this work, we have developed a neural network-
based predictive representation method, which predicts
tight-binding Hamiltonians for modeling electronic struc-
tures. This method provides an efficient approach to
configuration-dependent Hamiltonians by directly super-
vised observation of the ab initio energy spectra. This en-
ables an expedited access to electronic structures at dra-
matically reduced computational costs during the atomic
configurations sampling, in subsequent molecular dynam-
ics or Monte Carlo. Considering the example of carbyne,
we demonstrate the accuracy of our method in predicting
the electronic spectra is comparable to that of the ab ini-
tio calculations. The TBworks also shows a high degree

of transferability, accurately predicting spectra for con-
figurations drawn from unseen temperatures and system
sizes.

By interfacing our TBworks with a machined-learned
force field it is demonstrated that we can efficiently
sample the electronic structure of carbyne in molecu-
lar dynamics to compute correlation functions. This
enables the computation of Green’s functions and the
time-dependent spectral functions in the dynamical an-
nihilation of a soliton-antisoliton pair. When compare
our results with those from the adiabatic approximation,
it is found that the low-energy edge modes is signifi-
cant renormalized due to the non-adiabatic dynamical
effect. We have also applied the TBworks sampling of
electronic structure in a path-integral molecular dynam-
ics, where the optical conductivity is computed by sam-
pling the current-current correlation function. These re-
sults suggest that our method provides an efficient and
accurate computation tool for sampling electronic struc-
ture in order to compute correlation functions and asso-
ciated physical properties. The low computational cost
and dramatic speed-up of a combined machine-learned
force field and TBworks for such purposes as compared
shall enable large-scale and long-time simulation, and as
we have demonstrated, capturing non-adiabatic effect in
transient processes.
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Appendix A: Predicted v.s. ab initio band structure

Fig. 6. Comparison between TBworks predicted and ab ini-
tio calculated electronic structure. The crystal configurations
are randomly picked snapshots from the molecular dynamics
(MD) trajectory on a supercell containing N = 256 C atoms.
The upper panel of each subplot is the order parameter which
indicates the polyyne (a) and soliton phase (b-d). The pre-
dicted band structures and the corresponding density of states
A(ω) show great consistency with the ab initio ones.

Appendix B: Energy barrier between polyyne and
soliton phase

As illustrated in Fig.7(a), there are two kinds of tran-
sition paths for polyyne to soliton structure. Fig.7(b)
shows the direct transition barriers from polyyne to
the soliton structures with different separation between
soliton-antisoliton pair. The results show that the larger
separation comes with the higher transition barrier.
Therefore, the reasonable transition path should be the
indirect path, whose potential profile is shown in Fig.7(c).
The soliton-antisoliton pair with small separation is gen-
erated from polyyne structure with the energy barrier
∼ 80 meV and then solitons move freely along the chain
to generate the structure with large separated soliton-
antisoliton pair. The uneven potential profile in Fig.7(c)
indicates that annihilation for soliton-antisoliton pair is
much easier than formation. Therefore, at low temper-
ature, classical MD can only sample the ground states
polyyne structure. While in path-integral MD, due to
the quantum tunneling, the soliton phase can be sam-
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Fig. 7. Energy barrier for the transition between polyyne and
soliton structure. (a) Direct and indirect transition paths
between polyyne and soliton structure with the soliton and
anti-soliton separated by 24 sites. (b) Direct transition bar-
rier for the transition between polyyne structure and soliton
structure with different separation between soliton and anti-
soliton.(c) Indirect transition barrier for the transition path
2 in (a).

pled at low temperature.

Appendix C: Electronic spectral function and
optical conductivity.

Fig. 8. The averaged electronic spectral function A(ω) and
optical conductivity σ(ω) for supercell N = 1024 at differ-
ent temperatures. Electronic spectral function (a) and opti-
cal conductivity (b) averaged in the canonical ensemble sam-
pled by path-integral molecular dynamics (PIMD). Electronic
spectral function (c) and optical conductivity (d) averaged in
the canonical ensemble sampled by classical molecular dy-
namics (CMD).

In addition to the research on the dynamical elec-
tronic evolution in the soliton-antisoliton pair annihila-

tion process shown in main text, the averaged electronic
spectral function and optical conductivity are calculated
in the canonical ensemble sampled by machined-learned
force field path-integral and classical molecular dynam-
ics. The MD is performed with the simulation box size
N = 1024 C atoms for 400 ps with a time step of 0.2
fs at different temperatures. The spectral function and
optical conductivity are averaged using ionic configu-
rations sampled by MD, A(ω) = Tr {ρ(r)A(ω, t)} and
σ(ω) = Tr

{
ρ(r) 1

ω

∫∞
0
eiωt

′〈[J(t′), J(0)]〉rdt′
}

, where

density matrix ρ(r) corresponds to the ionic degree of
freedom and is obtained by MD sampling and 〈· · · 〉r
means taking the expection under the electronic states
of configuration r. The results are shown in Fig.8. We
can see that at T = 1 K, the systems are in polyyne phase
with a band gap ∆ ∼ 27 meV in both path-integral and
classical simulations. The optical conductivity shows a
on-set at energy ω = ∆ at this temperature. As the
temperature rises to 10 K, the spectral function remains
the gapped feature in the CMD sampling, indicating no
creation of soliton. While at the same temperature, the
soliton-antisoliton pair is generated in the PIMD sam-
pling, where the zero energy peaks in the spectral func-
tion and three peaks in optical conductivity show up.
This difference in PIMD and CMD can be explained by
the potential energy profile in Fig.7, which shows the
transition energy barrier is ∼ 80 meV from the ground
state polyyne structure to soliton structure. Therefore,
at low temperature, soliton structure can not be sam-
pled for classical molecular dynamics. However, in path-
integral simulation with quantum dynamical effect taken
into account, the creation of soliton-antisoliton pair can
be observed. As temperature goes higher to 100 K, the
electronic spectral function shows neither the CDW gap
nor the zero energy mode, which implys the ioninc struc-
tures are in polycumulene phase in PIMD sampling. At
the same temperature, the zero energy peaks in spectral
function indicate the creation of soliton in classical sam-
pling and finally at temperature above 300 K, the clas-
sical sampling gives the polycumulene equilibrium struc-
ture. In summary, the carbyne show a sequence of phase
transition from polyyne to soliton and finally polycumu-
lene in both CMD and PIMD sampling. The difference
is that due to the quantum dynamical effect, the soliton
and polycumulene phase transitions happen at lower tem-
peratures in PIMD than that in CMD. All these results
exhibit the fascinating efficiency of our TBworks method
that supports for investigating the electronic structures
for the large scale and long time simulations.
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